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THE REGULAR COMPLEX IN
THE BP{1)-ADAMS SPECTRAL SEQUENCE

JESUS GONZALEZ

ABSTRACT. We give a complete description of the quotient complex C obtained
by dividing out the F,, Eilenberg-Mac Lane wedge summands in the first term
of the BP(1)-Adams spectral sequence for the sphere spectrum S°. We also
give a detailed computation of the cohomology groups H**(C) and obtain as
a consequence a vanishing line of slope (p2 —p — 1)1 in their usual (t — s, s)
representation. These calculations are interpreted as giving general simple
conditions to lift homotopy classes through a BP(1) resolution of S°.

1. INTRODUCTION

One of the main motivations in algebraic topology is the need to have com-
putable methods to analyze homotopical properties of spaces. Indeed, it is often
the case that the solution of a given geometrical problem can be reduced to the
study of certain key elements in the homotopy groups of a suitable space. The
generalized Adams spectral sequence provides a convenient theoretical framework
to study these questions; however in practice, even determining whether or not
a class is null-homotopic may be an extremely difficult task. This is reflected in
the fact that the complexity of calculations with the spectral sequence gets rapidly
out of hand. However the analysis of a particular homotopy class can be greatly
simplified if the Adams spectral sequence is based at a suitably chosen spectrum,
one detecting in a “natural” way the homotopy problem under consideration. Since
topological K-theory has shown to be a powerful tool in the solution of geometric
problems (Atiyah-Singer Index Theorem or Adams’ determination of tangent fields
to spheres) it is desirable to have a manageable model to handle calculations in the
K-theory Adams spectral sequence. A good deal of homotopical information has al-
ready been obtained through calculations directly related to this spectral sequence;
for instance this was the approach used to obtain a homotopy theoretical descrip-
tion of the v;—periodic classes in the stable homotopy groups of spheres in [11],
[20] and [21]. Subsequently the techniques have been applied to the study of the
stable geometric dimension of vector bundles over projective spaces [9] and also in
a geometric construction of the K—theory localization of odd primary Moore spaces
[8]. A more recent application of the theory has been made to the classification
of the stable p—local homotopy types of stunted spaces arising from the classifying
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space for the group of permutations on p letters (p an odd prime) [14]. The solution
of each of the problems above depends on the triviality of certain key homotopy
classes or “obstructions”, and the success of using the K-theory Adams spectral
sequence to analyze them is based in the fact that each time such an obstruction is
trivial it vanishes already at the F5 term of the spectral sequence. Thus while the
complete classification of the stable homotopy types of stunted projective spaces
[10] was accomplished by showing that many of the relevant obstructions were killed
by high—order differentials in the classical Adams spectral sequence, the odd pri-
mary problem (stunted lens spaces) was solved in [14] by replacing the analysis of
Adams’ high—order differentials by the K—theory calculations in that paper.

The second term E5(S?) of the Adams spectral sequence based at (a stable sum-
mand of connective p-local) K—theory is still far from being completely described,
nevertheless the obstructions above can be easily managed within the context of
this spectral sequence. The aim of the paper is to give full details on how this
can be accomplished. Roughly speaking the analysis is done through a certain
quotient complex C of the first term E7(S°) in the spectral sequence, whose co-
homology H*(C) detects the above obstructions. In more detail, letting V' stand
for the kernel of the projection F;(S%) — C, the usual three-term long exact se-
quence associated to the extension 0 — V — E;(S%) — C — 0 relates H*(C)
to Eo(SY). The cohomology of C is computed in full and, together with the long
exact sequence just described, produces enough information to show the triviality
of the obstructions in E»(S%). In a sense H*(C) is an approximation of E»(S?),
so that a closer study of H*(V) would be in order. In this direction we should
mention the work in [6] computing V!, the homological degree s = 1 of the com-
plex V, in the 2-primary case. An alternative approach uses a common subcomplex
C(1) of both C and F;(S°). The long exact sequence associated to the extension
0— C(1) — E1(SY) — E1(5%)/C(1) — 0 yields a long exact sequence of the form

- — H*(C(1)) — E5(8°) — Bxtiy(Z/p) — H*H(C(1)) — -+,

where Ext;,,(Z/p) is a graded group of extensions arising in a certain context of
relative homological algebra. H*(C(1)) is computed in full in this paper, and the
relative “Ext” groups are studied in [15].

We now say a few words about the techniques used and the organization of
the paper. Section 2 recollects the preliminary results we need and sets up some
notation. This section is mainly descriptive, and the results are stated only with
references to the literature. We only remark that Theorem 2.7 is a partial gener-
alization of results in [18] and (as noted in that paper) can be proved with similar
methods. Moreover the proof of Theorem 2.9 has appeared in print only for the two
primary situation ([19]); however the techniques used in that case generalize directly
to the odd primary version. The remainder of the paper can be read independently
of [19]. Section 3 defines and studies the quotient complex C(X); in particular a
“filtered” homological interpretation of it is derived. Section 4 introduces our main
technical tool: Lellmann and Mahowald’s weight spectral sequence computing the
cohomology of C(X). The section studies the E; term of this spectral sequence,
and sections 5 and 6 settle all higher differentials as well as the E, extensions for a
number of spectra related to the sphere spectrum. A full description of H**(C(X))
follows, as well as a vanishing line of slope (p? —p — 1)~! in the (¢ — s,s) chart
for these groups. The calculations are summarized in Corollary 6.11; however, as
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it stands, it is difficult to appreciate its full strength. Thus the final section de-
rives a topological interpretation (Theorem 7.5) which gives a powerful criterion to
lift homotopy classes through a BP(1) resolution of the sphere spectrum. Loosely
speaking, this criterion claims that the obstructions to lifting to the second stage
in this resolution are given by the image of the J-homomorphism, whereas further
obstructions behave almost as in the classical case.

The material in this paper is part of the author’s Ph.D. dissertation, written at
the University of Rochester under the supervision of Professor Samuel Gitler. The
author also wishes to thank the referee of the paper for pointing out a couple of
mistakes in the original formulation of Definitions 2.4 and 3.1 and for a number of
suggestions leading to a considerable improvement in the exposition of the material.

2. PRELIMINARIES

Unless otherwise specified, all spectra are localized at an odd prime p. We let
4, Zp) and [}, stand for 2p — 2, the ring of p-local integers and the field with p
elements, respectively. The (p-localization of the) spectrum for connective (real
or complex) K-theory decomposes as a wedge of suspensions of a spectrum most
commonly denoted by BP(1) ([3], [16]). For simplicity we use Kane’s notation £ for
this spectrum [17]. Thus ¢ is an associative and commutative ring spectrum whose
homotopy is a polynomial algebra over Z,) on a variable v € 7,(£). Let i : SO — ¢

denote the unit of ¢ and let S° % ¢ 25 7 be the canonical cofibration. For s > 0 let
” denote the s—fold smash product of 7 with itself and let S, = 52" (ZO =50 =
Sp). The standard (—~Adams resolution of a spectrum X is obtained by repeatedly
smashing with i : S — ¢ and taking fibers:

Xé——— G N X— S A X é—r7 -

Ji/\X li/\sl/\X li/\SgAX

INX INSTANX INSSANX

The homotopy groups of these fibrations assemble into an exact couple whose
associated spectral sequence is the /~Adams spectral sequence for X. The first
term of this spectral sequence is given by

(1) ENXi0) =m_s((ASsANX) =m(U AT AX)
and the first differential is 74 (A;), where Ay is the composite

pral AX _ iNESTIAX ZS+1

2) (ATAX TS TN AX =8N T AX S AT AKX

Definition 2.1. Margolis showed [23] that a connective, locally finite (p—local) spec-
trum X can be decomposed in a unique way, up to nonnatural equivalences, as a
wedge sum X ~ KV (X)V X where V(X) is a locally finite, graded F,, vector
space and KV (X) is the associated wedge of IF,, Eilenberg-Mac Lane spectra, and
where X (* has no further such summands. We also define spectra X (i > 0)
and maps X — X{-1 (Adams projections) by requiring that --- — X2 —
X1 - X be a minimal F,~Adams resolution of X {02 The homotopy types of
these spectra and maps are again unique up to nonnatural equivalences [1, pg. 28].
Due to the lack of functoriality, choices will always be present in handling these
constructions.
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Definition 2.2. For s > 1 let Ry denote the set of s—tuples of positive integers.
We will generally denote an element (nq,---,ns) € Ry simply by 7, and define
o(@) =Y n; and v(@!) = > v(n;!), where v(a) denotes the maximal power of p
dividing the integer a.

The analysis of the groups in (1) was began by Mahowald for the two primary
case. The odd primary version of his result is given by the following theorem.

Theorem 2.3 ([8], [17], [18]). Let s > 1. For m € R, there is a spectrum B and
an equivalence ({ A By)(0) ~ $o@agv@)  Moreover E AT is homotopy equivalent
neR;

In terms of these splittings the maps in (2) have components ¢ A By — ¢ A B
(for X = S°) which neglecting the Eilenberg-Mac Lane summands (in a way to
be made precise in the next section) are operations of the form yo@aplv@)) _,
»o(@apv(@)) - Operations of this sort were studied by Lellmann, and we now de-
scribe his results.

Definition 2.4. Let b € Z be a representative of a generator of the units in Z/p?, and
consider the stable Adams operation W® : ¢ — /. According to [18] the operation
P —1 lifts in a unique way through v : $9¢ — ¢—the f-modulification of v € 7, (¢)—
defining an operation ¢ : £ — X9¢ whose behavior in homotopy is given by

(3) p(v") = (k" —1)v""!,  where k=0""".

Definition 2.5 ([13]). For nonnegative integers m < n, define the Gaussian coeffi-
cient (7)) and the Gaussian factorial n!! by
((n )) _ (kn — 1)(kn_1 — 1) e (kn—m+1 — 1)
ml (k= ) (kmt = 1) (k1)

all= (") - (1),

where k is given as in (3). The formula v(k™ — 1) = v(n) + 1 [2, Lemma 2.12]
implies that these numbers lie in Z,), and also give us the relations v(n!!) = v(n!)
and v(( ") =v(,).

Definition 2.6. For a nonnegative integer n let II,, : £*(")) — ¢ be the composite
of the Adams projections £(™) — pr(n)=1) ..., p(0) = ¢ and the degree r
map in ¢, where r = n!!/p*(™) which is a unit in Zp)- Lellmann showed that the
n ™ power ¢" of ¢ lifts through II,,, defining an operation

(4) P £ — D))

The effect in homotopy groups of each ¢,, follows directly from (3): ¢, (v") =
([ )k —=1)"u"™. Since 7.(£) is torsion free, it follows that no ¢, is a torsion
operation. Such operations are quite manageable in view of the following result,
which is a generalization of results in [18].
Theorem 2.7. Operations of the form
(5) so@aplv@) _, so(@)qplv(m!))
are uniquely determined up to torsion operations by their effect in homotopy groups.
Moreover, torsion operations of the form (5) factor as

noe@apv(@) & gy A EU(W)qg(V(W»7
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where V' is a locally finite, graded Fy, vector space and KV is the associated wedge
of F), Filenberg-Mac Lane spectra.

Using the techniques in [19] one can compute enough of the effect in homotopy
groups of the maps A, in (2) (for the case X = S°), so that 2.3 and 2.7 give
a description of the components for Ay (Theorem 2.9 below), up to operations
factoring through F, Eilenberg-Mac Lane spectra.

Definition 2.8. Let m = (n1,... ,ns) € Rs. A successor of @ is any (s + 1)-tuple
m € Rsyq of the form m = (ny,... ,ne_1,5,Ne —J, Net1,... ,ns) forsome 1 <e <s
and 0 < j < m,. Note that v(n!) = V(m!)+y("jﬁ ). In this case, for a spectrum X we
define the degree (( ")) Adams projection Iz : (£ A X))@ (e A X)) to
be the composite of the v(" ) Adams projections EAX)VE) (A X)E-D
oo — (EAX)PT) and the degree r map in (£AX) ™)) swhere r = (( e Y.

Theorem 2.9 ([19], p =2). Letm € R;, M € Rqy1, and let { A\ By 2 (A By be the
corresponding component (Theorem 2.3) for the map Ag : £ A AN A given
in (2) for the case X = S°. Leti and 7 denote the wedge inclusion and projection
Roe@ap@) s ¢ A B and £ A\ By — X700 T) respectively. Then there exist
a spectrum K which is a locally finite wedge of F,, Eilenberg-Mac Lane spectra and
maps
a: Ne™apv@) K and B:K — o (m)q p(v(mh))
such that one of the options below holds for the difference
Dy = mpi — B : so@aplv(@) _, so(@)qplv(m!)

a) It agrees with —l)eEa(ﬂ)qHﬁ,m if m is a successor of m where e and 11y 7 are
as in 2.8 (taking X = S°).

b) It is compatible through Adams projections with the o(T)q suspension of Gm,
00— magwm) ifm, o =n, forr=1,...,s.

¢) It is trivial in any other case.

Remark 2.10. For s = 0 and m = (1), the component ¢ — X9 in 2.9 is in fact ¢
(that is, 8 o a is trivial) in view of [18, Theorem 2.2 (iv)].

3. THE /~REGULAR COCHAIN COMPLEX

We now extend the description of A, given in Theorem 2.9 above (X = S9) to
a more general type of spectra X. From now on HF, will denote the F, Eilenberg-
Mac Lane spectrum.

Definition 3.1. A (p-local) connective, locally finite spectrum X is said to be
(¢, HFp,)-prime ([19], [26]) if the F,—Adams spectral sequence for £ A X converges
to £.(X) and collapses from its Ey term. We will require in addition that the
composite (X9¢ A X)<O> S EUANX - UAX — (LA X)<O> yields a monomorphism
in homotopy groups, where the first and third maps are the wedge inclusion and
projection respectively, and the middle one is induced by the map v : X9/ — £ in
2.4.

Remark 3.2. When X is an (¢, HF,)-prime spectrum, all Adams projections
(AX)SH) — (A X)) induce monomorphisms in homotopy groups, for a nontriv-
ial homotopy class in (¢A X)) mapping trivially into (¢AX ) would produce by



2634 JESUS GONZALEZ

definition a nontrivial differential d, in the F,~Adams spectral sequence for £ A X
(r would be at least two, since d; differentials are trivial when minimal resolutions
are used). In particular the last condition in 3.1, together with the considerations
in 3.4 below, implies that X" is (¢, HF,)-prime whenever X is. This extra con-
dition allows an elementary proof of Lemma 3.3 as well as a conceptually cleaner
interpretation (Proposition 3.10) of the ¢ regular complex C(X) (to be defined in
3.5). Spheres and stunted lens spaces are examples of (¢, HF,)-prime spectra.

Throughout the rest of the paper X will always denote an (¢, HF,)—prime spec-
trum. Such spectra have the following property.

Lemma 3.3. Let K be a locally finite wedge of F), Eilenberg-Mac Lane spectra.
Then any map 'K = (0 A X)) induces trivial homomorphisms in homotopy
groups.

Proof. We can assume K = HIF,. Since the map v : 390 — £ in 2.4 is of positive
classical Adams filtration, Margolis’ theorem [23, Theorem 3] implies that the com-
posite XK 5 (LA X)) — (LA X)) — (279 A X)) is null homotopic, where
the middle map is the Adams projection and the last one is a suitable suspension
of that in 3.1. The result follows from the hypothesis that the last two maps in this
composite are injective in homotopy groups. O

Remark 3.4. The wedge inclusion (£ A X){® <, ¢ A X induces a map from the
minimal F,~Adams resolution of (£ A X)( into the Adams resolution --- — ¢ A
X — €<0.> A X. This map of resolutions can be chosen so that each resulting map
(6 A X) Dt A X agrees with the wedge inclusion of (£4) A X)) into £ A X.
Similarly the wedge projection £ A X 5 (£ A X){? induces a corresponding map
between the above resolutions; moreover choices can be made so that each resulting
map /{9 AX —(UAX){) agrees with the wedge projection of £() AX onto (£() A X))
and so that each composite (£ A X)) A X— (¢ A X)) is the identity. Thus
in particular (£ A X)(© = (¢ A X)) Likewise (£ A X)) = (£ A X)),

To simplify notation we write Margolis’ decomposition 2.1 for the spectrum
(NTPAX as EANT° ANX ~ KVS(X)VY*(X), so that Y*(X) = ((AL° A X)® and
KV?(X) is the locally finite wedge of F,, Eilenberg-Mac Lane spectra associated to
the graded F,, vector space V*(X). Since any smash product KV A X is again a
KV-—type spectrum [24, Proposition 6.6], it follows from 2.3 and 3.4 that
(6) YVe(X)~ \/ oA x) v,

nER
and equation (1) gives
(7) EYN(X50) = (Y (X)) ® V*H(X);
moreover the differential in F1(X; /), as given in (2), is invariant on V(X)) in view
of 3.3 and (6).

Definition 3.5. The ¢-regular cochain complex C(X) is defined to be the quotient
complex of Ey(X;¥) by the subcomplex V(X).

Thus C**(X) = m(Y*(X)), and the differential in C(X) is induced by the compos-
ite
V(X)L OAT AX 25 enT T A X T YStL(X), where j and 7 are the wedge
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inclusion and projection respectively and A is given in (2). By (6) this differential
has components of the form

(8) . (Ecr(ﬁ)q(mx)wm») o (Ecr(m)q(mx)w(m!»)
form € Rs; and m € Rs41, each of which is induced by the corresponding composite
so@a(p A X)) L, we@ap@) A x LA B X

LONTAX B onTT A X

TS UABa A X noMap(v(@m)) A x

N Ea(ﬁ)q(g A X)(V(W»’

where each map j and 7 is either a wedge inclusion or projection given by 2.3 or
3.4.

9)

Theorem 3.6. a) With the notation of 2.8, if M is a successor of m, (8) is

induced by (—1)°X7 M, .

b) If mpy1 = n, forr =1,...,5s, (8) is induced by a map compatible through
Adams projections with the o(m)q—suspension of the composite

G, AX

(EAX)O X —— Mg mD) A X s p X)Pmh)
where the first and last maps are the wedge inclusion and projection respec-
tively.

¢) In any other case (8) is trivial.

Proof. In the notation of 2.9 we see that the composite in (9) can be rewritten as

s @a(g p x)m) J, gomapw) 5 x TN samagwmn) 5 x

N E‘T(m)q(é A X)(V(W»7

which by 3.3 induces in homotopy the same morphism as the composite obtained
by replacing the middle map above by Dz m A X. The result follows from 2.9 and
the considerations in 3.4. |

Definition 3.7. Let R be a commutative ring with a decreasing filtration F*R D
FT1R satisfying F'R- F/R C Fi*JR. We consider filtered graded R-modules
M and M’ with F'M D F*t'M and F'R- FIM C FM. A homomorphism
f: M — M’ is said to be filtration preserving if f(FiM) C F'M’. The tensor
product filtration makes M ® M’ a filtered R module (see for instance (20) in the
next section). A filtered graded coalgebra over R is a graded coalgebra I' which is
also a filtered graded R module in such a way that both structural mapse: ' — R
and A : ' - T'® I are filtration preserving. A filtered graded right comodule over
T is a graded right comodule M over I' which is also a filtered graded R module in
such a way that the structural map M > M @ T is filtration preserving. Filtered
graded left comodules are defined analogously.

Ezample 3.8. On the ring Z,) consider the (nonnegative) filtration defined by

Filyy = {z € Zyylv(z) > i} (v(z) = v(a) —v(b) if = &, a,b € Z, where

v(a) and v(b) are as in 2.2). Define a filtered graded coalgebra I' over Z,, by
I'* = 0if k # 0(mod ¢) and IV is a Z,)—free module with generator ¢; of filtration
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—v(j!). The coproduct A is defined by A(t;) = > ., t- ®ts and the counit by

e(tg) = 1. For any spectrum X, £,(X) becomes a filtered graded right comodule
over I' with coaction ¥ : £,(X) — £,(X) ® T given by ¥(z) = >, 579" (2) @ tn,
where ¢ : £ — Y9 is defined in 2.4 and where the filtration in £,(X) is the usual
F,—Adams filtration (V¥ is filtration preserving in view of 2.6). If in addition X
is an (¢, HF,)-prime spectrum, then 7. ((¢£ A X){?) is also a filtered graded right
comodule over T'. In fact, by 3.3 the wedge projection £ A X — (£ A X){O yields
an epimorphism £,(X) — m.((¢ A X){O) of filtered graded rlght comodules. In the
quotient, the action of ¢” on an element z € m,((¢ A X)) will still be denoted
by ¢"(z). In particular, the I coaction on 7, ((¢ A X){?) is described by the same
formula as the corresponding one on £, (X).

Note 3.9. Let I" be as above. For filtered graded right and left I' comodules M and
N respectively, let Cr(M, N) denote the cobar complex [28, A1.2.11]. Taking the

tensor product filtration on each CE(M,N) = M ® I®® N, we obtain a corre-
sponding filtration on the complex Cr(M, N), which we call the Adams filtration on
Cr(M,N). For i € Z let AF'Cr(M, N) be the subcomplex consisting of elements
in Cr(M, N) having Adams filtration at least i. As shorthand, we will denote by
AF'(X) the complex AF'Cp(m.((€ A X)), Z,)).

Theorem 3.10 ([19], p = 2). There is an isomorphism C(X) ~ AF°(X) of filtered
complezes.
Proof. For € R, let Ty = (£ A X)) — (£ A X)) be the composite of the
Adams projections (¢ A X)) — (¢ A X)E)-1 — (A X)) and the
degree r map in (¢ A X)) where r = ny!l---n1p~ (™) (see 2.8). By 3.2 and (6)
these maps yield isomorphisms

s _ v(m!)
(10) Cl(X) = P 7/ L, (A X),

nER

where 7/ (¢ A X) stands for the subgroup of 7, (£ A X) consisting of the homotopy
classes of classical Adams filtration at least f (when f = 0, 7/ (¢ A X) should be
interpreted as 7, ((¢ A X)), In view of 2.6 and 3.6 the differential C5*(X) —
Cs+1LH(X) extends to a map

(11) B momo((UAX) ) — B T (LA X))
nmER MERs 41
whose component 7, o (m)q (€ A X)) — 7,y o (€ A X)) is trivial, unless:

a) T is a successor of 7, in which case it is multiplication by (—1)¢ where e is as
in 2.8; or

b) my41 = n., r = 1,...,s, in which case it is induced by the composite
UAX) D s IAX = S™MUAX — (29U A X)) where the first and
third maps are the wedge inclusion and projection respectively, and the mid-
dle one is induced by ¢™1 : £ — ™19,

Identification of an element z € m;_ ,(m)q (¢ A X)) with the corresponding
Z[tn1| T |tns] CS t(ﬂ'*((g N X) 0>) Z(P))
(where @ = (nq,...,ns)) sets an isomorphism

b €an (€A X)) = O (ma (A X)): Z)

neRs
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which restricts to an isomorphism C(X) ~ AF°(X). The result follows since, by
definition, the differential in Cr(m.((¢ A X )<0>);Z(p)) corresponds under h to the
description above for the map in (11) (see (12) in the next section or, directly, [28,
A1.2.11)). O

4. THE WEIGHT SPECTRAL SEQUENCE

Throughout the rest of the paper I' will be the filtered coalgebra defined in 3.8.
In the last section the regular complex C(X) is identified with the subcomplex of
Cr(m (EA X)), Z,) consisting of the elements of nonnegative Adams filtration.
In particular, C(X) is a (nonnegative) filtered cochain complex and its cohomology
groups could be analyzed via the spectral sequence associated to this filtration.
This approach is effective when the T' coaction on 7, ((¢ A X){?) is trivial (which
in general is not the case). The analysis of the (2-primary) general situation was
completed in [19] by considering a different filtration on C(X). In this section we
give a description of the first term of the resulting spectral sequence in the odd
primary case. We begin by fixing some notation. For a filtered graded I'-comodule
M (M # Z,)) we denote by d the differential in Cr(M;Z ). Only the differential
in Cr(Z ), Zy)) will be denoted by 9. When M = m,(({ A X)), the restriction of
d to C(X) will be denoted by d too. A cobar product [t,,|--- |t,,] in Cr(Zey), Zy))
will be denoted by [tz], where @ = (n1,... ,ns).

Definition 4.1. For a filtered graded I'-comodule M we define the total degree,
the homological degree and the weight filtration degree of an element m[tz;] €
Cp(M; Zyy) as v+ qo (), s and o(7) respectively, where m € M, and o(7) is as in
2.2. The weight filtration degree of m[t;] will be denoted by W F (mltz]).

As usual the differential in Cr(M;Z,)) depends both on the coalgebra I' (that
is, 0) and the T coaction on M (see for instance [28, A1.2.11]). In particular, when
M = 7.((¢ A X)?), 3.8 gives
Oltz] = Z(—l)e(m) [tm],

d(z[ta]) = Y 6" (2)[tnoltn] + 20lt],

’I’LQZl

(12)

where the summation on the right hand side of the first formula runs over the set
of all successors m € Rsy1 of m with m = (n1,... ,nemmy—1, §(M), Ne@m) — J(M),
Ne(m)+1>- -+ >Ms)y 1 < e(M) < s and 0 < j(M) < neam) (see 2.8). For a non-
negative integer o, (12) implies that the elements of weight filtration at least o in
Cr(m (EAX)(9), Z,)) generate a subcomplex W F? (X ), and this produces a (non-
negative) decreasing filtration on Cr(m, ((£ A X)(?), Z(py) which we call the weight
filtration. By restriction to C(X) we obtain a corresponding weight filtration on
C(X).

Definition 4.2. The spectral sequence associated to the weight filtration on C(X)
is called the weight spectral sequence (WSS) for X and is denoted by {E,.(X), 6.}

Standard references for spectral sequences arising from filtered complexes are [5]
and [12]; we remark however that what is called the total degree in [5] corresponds
to our homological degree. In 5.5 of the next section we give a quick example on
how differentials are computed in these spectral sequences. Our indexing for the
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WSS is that of [12]:
WFast
WFU+1,s,t ?

where WF7st = WF?(X)NC*(X). Thus elements in EZ°*(X) have representatives
x € WFst whose differential dz lands in W Fo+ms+1t 5o that the grading for the
differentials is

(14) 6t B7¥H(X) — EITmsTLE(X),

(13) Eg*(X) =

As in 4.1, the indices o, s,t are called the weight filtration degree, the homological
degree and the total degree respectively.

Remark 4.3. The total degree in Cp (. (€A X)(0)); Z(y)) does not change under the
differential d, and therefore the WSS for X is actually a set of spectral sequences,
one for each total degree ¢ > 0. Moreover an element z[tz] € WEF?5 of weight
filtration degree ¢ > t/q must have “coefficient” z € m,.((¢ A X)) with r < 0
(see 4.1). Since X is a connective spectrum (in the sense that m.(X) = 0 for =
small enough) we see that at a given total degree t the weight filtration on C(X) is
bounded (uniformly on the homological degree s) and therefore the corresponding
spectral sequence collapses at a finite stage (which depends on the total degree
taken). In particular, the WSS for X does converge to the cohomology groups of
C(X).

In view of (10) the subcomplex WF*! in (13) is a direct summand of W F".
This yields an obvious trigraded isomorphism C(X) ~ Ey(X) (not of complexes),
where the extra grading in C(X) corresponding to the weight filtration degree.
Moreover, in view of (12) the differential in Eo(X) differs from that in C(X) only
by the I'-coaction on m, (£ A X)(9)—in Ey(X) this coaction is not present. These
remarks apply also to Cp(m.((¢ A X)(9);Z,)) instead of C(X) to produce the tri-
graded isomorphism

(15) Cr(m (€A X)), Zy)) = EoCr(mo (6 A X)) Zy).

Again, this is not an isomorphism of complexes; however the right hand side in
(15)—that is, the quotient object associated to the weight filtration on the cobar
complex Cp(m.((¢ A X){9); Z,))— is isomorphic as a complex to

T (LA X)) ® Cr(Zpys Zip))-
Since the above isomorphisms preserve Adams filtration, 3.10 gives

Proposition 4.4. As a trigraded cochain complex, Eo(X) is isomorphic to the
subcomplez of m. (€ A X)) ® Cr(Zyy, Zy)) consisting of elements of nonnegative
Adams filtration.

Definition 4.5. The spectral sequences associated to the Adams filtration on the
complexes Eo(X) and Cr(Z,), Z(p)) will be denoted by {Eo,.(X), o, } and {E;, 0, }
respectively.

The grading of these spectral sequences is taken as in (13), although this time
we have four gradings: Adams and weight filtration degrees as well as homological
and total degrees. From (14) we have that &y, and therefore all differentials 6,
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do not change weight filtration nor total degrees; consequently we omit these two
gradings in Ey,(X) and dp, takes the form

(16) Sor + Egp(X) — Egy ™ (X),

where ¢ and s stand for Adams filtration and homological degrees respectively.
Similar considerations hold for {E,, d,}. We study the spectral sequence {Eo,-(X)}
at the end of this section, after a careful analysis of the spectral sequence {F;.}.

As in (15) above, given a filtered object A, we let EyA denote the associated
quotient object. For instance, using the filtrations in Z,) and I' defined in 3.8 we
form the associated graded ring EoZ,) and the associated bigraded coalgebra EoI’
over EoZ,. Note that EyZ) can be identified with the polynomial ring IF,[z],
where z is of filtration degree 1 and corresponds to multiplication by p in Z(,). On
the other hand, FyI is bigraded by

- FiTk
ik __
(17) EOF - Fi_;’_ll—\ka

which is zero unless k = jq (j > 0) and i > —v(j!), in which case it is isomorphic
to F, with generator represented by p*t¥(1¢; € T*. Note that each E,I'** is a
graded module over the (graded) ring F,[x], and this is the structure taken in the
graded tensor product Eol’ ®p, (2] Eol" :

x k k' <k’
(18) (Eol @, Eol)" = @D Eol™* @p, ) Bl
k' 4k =k

where the Adams filtration degree i in a given EqI'™** ®F, [«] EoI'**" is the image of
the obvious morphism

(19) P Er'" @p, Bl — Bl @, ) BT
i it =i

Observe also that the bigraded object associated to the tensor product filtration on
rel,

(20) FZ(F ® F)k — @ ( Z Fi/Fk/ ® Fi//Fk;//> ,

KAk =k \ i/ =i

agrees with Fol" ®p,[,) Eol" as described in (18) and (19). Moreover the filtration
preserving map A : I' — I' ® ' induces a corresponding map EyA : EI' —
Eo(l' ® ') = Eol’ ®F,[o) Eol" which takes the form

(21) BoA(t;) = tm @t m,

where the sum runs over all indices m such that the Adams filtration of ¢, ® t;_p,
equals that of ¢}, or equivalently v/( 7{1 ) = 0. This determines the coalgebra structure
of EoI". Now by definition Ey = EoCr(Z,), Z(y)), and the above remarks generalize
to give an isomorphism of graded F,, [x]—complexes Ey ~ Cg,r(Fp[z],Fplx]) (see also
the proof of [28, A1.3.9]). In particular we get

(22) Ey ~ H*(E,D).

Definition 4.6. For i > 0 let T'; be the bigraded (by total degree and Adams fil-
tration degree) F,[x]-coalgebra defined through total degree by I'¥ = 0 except for
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k = jp'q (0 < j < p—1), in which case I'¥ is Fp[z]free on a generator 7j,: of

Adams filtration degree —j(1 +p+ ---+ p*~!). The coproduct is given by

p

j
(23) Ai(Tjpi) = Z Tmpt & T(j—m)pi -

Since the lowest total degree element (other than 79) in each I'; appears in a
large total degree (as i gets large), we can form the tensor product ;- I'; (over
the graded ring I, [x]).

Proposition 4.7. As a bigraded Fy[x|-coalgebra, Eol' is isomorphic to @~ L.
The next lemma is well known, and a proof can be found in [29)].

Lemma 4.8. Let 0 < m < j be integers with corresponding p—adic decompositions
j= > jxp® and m = 3" myp*. Then

k>0 k>0
a) vim!) = Ly(m— Y my),
k>0

b) 1/(731) 0 if and only if my < jr Vk >0,
c) V(jn) v(j) —v(m) provided m,(; < j,(jy and mg =0 for k > v(j).

Proof of 4.7. Defining p(t,) = Tagp? ® "+ @ Ty pi where a = agp® + - - - + a;p' is the

p-adic decomposition of m, we get a bigraded Fp[z]-isomorphism E,I' 2 ®i~o L,
which does not change Adams filtration degree in view of 4.8. We check that p
preserves diagonals. For integers 0 < m < j with p-adic decompositions as in
4.8, the lemma shows that the summation in (21) runs over those m such that
my < ji Yk > 0. On the other hand, by (23) the diagonal in ), I"; takes the
form

A(Tjopo R ® lepz)
= > (Tongp? @ @ T 1) @ (T, —my)p° @+ @ T(5, o)

0<k<i
my Sy

and the result follows. O

Definition 4.9. For i > 0 let a;,biy1 € Cr(Zp),Z)) be the elements given by
a; = [tpi] and b1 = Jaiq1.

Remark 4.10. By (12), b4 is a sum of elements of the form —[ty|t,i+1_;] (0 < k <
p*+1) each of which has Adams filtration —v(k!)—v((pit —k)!) = v(”, )—v(p+11).
By 4.8 the lowest value for this expression is 1 — v(p‘*1!), which holds only for
k = jp', 1 < j < p— 1. In particular the Adams filtration of b;;1 is 1 — v(p**1!),
one higher than that of a; 4.

In view of 4.7 we can rewrite (22) as By ~ @,~oH*(I';). The cohomology
of each T; is known to be a tensor product of an exterior algebra with generator
represented in Cr, (Fp[z], Fplx]) by [7,:] and a polynomial algebra with generator
represented by | —1ypi] F o+ [Tp—1)pi [Tpi] (see for instance the proof of [7,
Theorem 4.1], where the dual situation is described). Thus 4.10 gives

(24) By~ ® O‘z b2 P ﬂz+l))

>0
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where the tensor product is taken over F,[z], and «; and (;+1 are represented in
Cr(Z, Z(p)) by the elements a; and b; 1 respectively. Since ag is a 0—cycle whereas
by definition da;+1 = b;41 (i > 0), 4.10 implies that ag represents a permanent
cycle in {E,} and that 8;y; is the 9;-boundary of «;11 in F; (compare with 5.5
and the calculation of differentials in section 5). In particular, the decomposition
E1 = E(ao) ® Q50 (E(aiy1) ® P(Bi+1)) is one of chain complexes, and since all
modules involved are F,[z]-free we obtain

(25) Es = E(ao).

Since E(ay) is all concentrated in homological degree one, the spectral sequence
{E,} collapses from its second term. The only nontrivial extensions in F., are given
by multiplication by x € Fp[z], and we recover the well known cohomology of ' as
the exterior algebra (over Z,)) on a generator represented by [t1] € Cr(Zy,), Zy))
(see [7, Theorem 4.1] or [27, Proposition 7.4]).

We use the information above to study the spectral sequence {FEy,(X)}. Since
all terms in the spectral sequence {E,} are IF,[x]-free, we have that the spectral
sequence associated to the Adams filtration in 7. (¢ A X))@ Cr(Z,), Z(,)) agrees
with {Eo(m. ((LA X))@ E,,1®0,} (where tensor products are taken over F,[z];
see the remarks in (17) through (20)). Moreover, since X is (¢, HF,)—prime we get

(26) Eo (m.((¢ A X)) = Bata, (H* (€A X) 5 F,)i )

(which is an F, vector space), where A4, is the mod p Steenrod algebra (we only
remark that the gradings in (26) are shifted as usual: in the standard Exzt**-grading,
s contributes to the Adams filtration degree whereas t — s—the homotopy degree—
contributes to our total degree). By 4.4 it follows that Eyo(X) is the subcomplex
of Eo(m.((£ A X)) ® Ey consisting of elements of nonnegative Adams filtration
degree; moreover by (16) the differential 1 ® 0y, as well as its restriction dgp, do not
change Adams filtration degree, and we obtain

Proposition 4.11. Ey(X) is the subcomplex of Eq (m ((€ A X)<O>)) ® Ep consist-
ing of elements of nonnegative Adams filtration degree.

Remark 4.12. The next differential o1 increases the Adams filtration degree by one,
so that by 4.11 classes in Eyo(X) arise in two ways: In positive Adams filtration
degrees, Fo1(X) and Eo(m. (A X)) ® E; have the same homology, while in zero
Adams filtration degree all cycles in Eo(m.((¢ A X){?)) ® E; (whether or not they
are 1 ® 91 boundaries) produce homology classes in Fy1(X). By (25) the first type
of elements are the positive Adams filtration multiples of 1 and «aqp (scalars taken
in Eo(m((€ A X)) and F,[x]), whereas the second type of elements are 1 and
o themselves with zero Adams filtration coefficients (if any), as well as all 1 ® 9,
boundaries of elements in Fy(m.((¢ A X){?)) ® E; having Adams filtration —1.

Definition 4.13. A sequence I = (eg,e1,m1,e2,ma,...) of nonnegative integers,
almost all zero and such that e; € {0,1} Vi > 0, is called admissible if the following
conditions hold:

a) I#(0,0,0,...), (1,0,0,0,...),

b) m; >0= e, =1for some k=1,... 7.
Under such conditions, define the admissible monomials ¢! € Cr(Z), Z(,)) and
¢! € By by ! = ag’ai by ag?by? - - - and ol = aga B ag? By -
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Proposition 4.14. An F,[z]-basis for the quotient E1 /(01-boundaries) is given by
all admissible monomials ¢! together with 1 and ag; these last two elements are
01 -cycles with 0y injective on the submodule generated by the admissible monomials
¢!

Proof. Since 0111 = Pi11 @ > 0, the d1—boundary of a nonadmissible monomial
is a sum of nonadmissible monomials, whereas the d;—boundary of an admissible
monomial is the sum of a nonadmissible monomial plus perhaps some admissible
ones. Moreover every nonadmissible monomial other than 1 and «g is considered
in this way once and only once. The result follows. O

Thus, besides the multiples of 1 and «y, the second type of elements in Eya(X)
mentioned at the end of 4.12 arise as cycles in Ep; (X)) of the form

(27) V¢! € By (w*((ﬂ A X)<0>)) ® B,

where v € Eo(m.((€ A X)), v¢! is of Adams filtration degree —1 and ¢! is an
admissible monomial (we omit the tensor product symbol in elements like y ® 01 ¢!
and y® ¢!). Since multiplication by x € Fp[x] increases Adams filtration degree by
1, we get that 2v0;1 ¢! = 601(z7¢?!) is a boundary in Eg; (X). Hence multiplication
by z is trivial over the elements described in (27). Note also that these elements
lie in homological degrees at least 2. The following description of Ega(X) results.

Proposition 4.15. In homological degrees s > 2 multiplication by x is trivial, and
an Fp-basis for Ege(X) is given by the elements described in (27) with v running
over an Fy—basis of Ey (m.((€ A X)<O>)). On the other hand, in homological degrees
s <1, Ega(X) consists of Eo (m (¢ A X)) @ E(ag) (tensor product over F[x]).

The next differentials 8, (r > 2) increase Adams filtration degree at least by
2, and since all elements in s < 1 are permanent cycles and those in s > 2 have
zero Adams filtration degree, we get that {Fy,(X)} collapses from its second term,
so that 4.15 also gives a description of Eps(X). Moreover, by the remarks below
(25), the spectral sequence { Eq(m.((£ A X)) ® E,.} converges to the cohomology
of m.((¢ A X)) ® Cr(Zp), Z(p)), and the above analysis implies that {Eo,(X)}
converges to F1(X). Representatives in C(X) C Cr(m((¢ A X)<O>);Z(p)) for the
described homology classes in E; (X) are as follows: For a given ¢ € m,((¢AX)(9)) let
v € Eo(me ((AX)(9))) be the associated element; then ¢-1 and c-ag represent -1 and
7 - ag respectively and (for suitable v as in (27)) cO¢! represents y9, ¢’ (here cOp!
is thought as an element of Cp(m. (€ A X)(?)); Z,)) via the graded isomorphisms in
(15)). Since multiplication by p € Z, corresponds to multiplication by x € Fp[x],
the considerations after (27) take care of the extensions in Fy(X) and we end up
with the following description of E;(X) analogous to that in [19] at the prime two.

Theorem 4.16. The first term in the WSS for X, E1(X), is given in homological
degrees s < 1 as m.((0 A X)) @ E(ag). In homological degrees s > 2, E1(X) is
F,—free on generators represented by elements

cdp’ € C(X) C Or(m (A X)) Zy),
where ¢ € m.((0 A X)) runs over a set of representatives for an F, basis of

Eo (o (¢ A X)), ! € Cr(Zyy; L)) is admissible and cp! is of Adams filtration
—1.
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Remark 4.17. In view of 4.10, the Adams filtration degree of Oy’ is higher by one
than that for ¢!, so that (26) and 4.16 suggest writing £; (X ) in homological degrees
s> 2 as

—AF(p')— *
B BTN H (A X) O F) Fy) - 0pT,
I admissible

where the degree shown in the Fxt functor corresponds to Adams filtration and
the factor - 9! is used to suggest the representative taken in C(X).

5. THE WEIGHT SPECTRAL SEQUENCE FOR R(¥

Let B be the suspension spectrum for the p—localization of the classifying space
for the symmetric group on p letters, and consider the cofibration

(28) B— S — R,

where the first arrow represents the Kahn—Priddy map (see [4]). In [22] it is shown
that for p = 2, by A R splits as a wedge of suspensions of Z,) Eilenberg-Mac Lane
spectra. The methods can easily be carried over at odd primes to produce a splitting

(29) (AR~ \/ SMHZ,),
n>0

where HZ,) stands for the Z,) Eilenberg-Mac Lane spectrum. In particular,
¢ A R is a ring spectrum whose homotopy /.(R) is given as a polynomial ring
over Zg, on a generator w € f4(R) of zero Adams filtration. Using the clas-
sical Adams spectral sequence together with a standard change-of-rings isomor-
phism (see for instance [25]), one readily obtains the following chart for £,(R):

141
i -@------@Y @ _@-t-___ G
1 —1
2
1
W w2 w3 w4
0 q 2q 3q 4q

as well as the fact that the map S — R in (28) induces in £, homology a zero Adams
filtration inclusion sending v™ into p™w™. In particular, this inclusion together
with the action of ¢ on £,(S°) (see (3)) gives the corresponding action of ¢ on
L (R) : p(w") = %(kr — Dw" ! = ¢(7)w 1, where ¢ = %, which is a unit in

Z(p)- Tterating, we obtain
(30) ¢"(w") = c"(D) - (T =l )w" T

From 3.2 and 3.4 the corresponding chart for 7, ((£ A R%){9) can be pictured by
deleting elements of Adams filtration less that ¢ in the chart above. As suggested
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there, w™ will denote the (zero Adams filtration) generator of 7, ((£ A R )(0))—
thus w! = p'w™ in £,,,4(R). The isomorphisms in (15) imply that the cobar complex
Cr(m (¢ A ROV Z,) is Z,~free on generators

(31) wy [t],

where m > 0 and @ € |J,»( Rs as in 2.2. Defining the (zero Adams filtration)
clements ¥, € I' and [97] € Cr(Z(py; Zy)) by 9n = nllc"t, and [J5] = [0 |- [V, ]
if 7 = (n1,...,ns), we see from 3.10 that C(R™) is Zp)y—free on generators w;" [Ug];
moreover from the easy to check formula n!l(m —n)!I((1")) = m!! together with (12)
and (30), we get the following expression for the differential in C(R{"):

m

d(w"[Ox]) = Y (7 Dw;"" W, 95]

9]
no:l

+ > GOl O, 10410n, 10, | .

Definition 5.1. Let 3 denote the filtered graded coalgebra free over Z,) on gen-
erators 0, € X7 of zero filtration and diagonal given by the formula A6,, =

2. ()0 ® Oy
0<j<m

As in 3.9 we extend the above filtration on ¥ to one in Cx(%; Z(,)) and refer to it
as the Adams filtration. Also, as in 4.1 and its remarks, we have a weight filtration
in this complex. The next result follows easily from the considerations above.

Lemma 5.2. The correspondence wi[¥5] < 0,,[07] defines a chain isomorphism
C(R)) ~ Cs(%;Zy) preserving both Adams and weight filtrations.

In particular, the obvious inclusion Z,) — C;O(E;Z(p)) gives rise to an aug-
mented complex which as usual is contractible (see for instance the proof of [28,
A1.2.12]). Thus although the cohomology of C(R{") reduces to a single copy of
Zp), a complete description of the WSS for R will be crucial in our analysis of
the WSS for (S°)¢) (in the next section). Another consequence of 5.2 is that the
WSS for R is independent of 4, so that in this section we will only consider the
case 1 = 0.

Definition 5.3. To keep with the notations in 4.9 and 4.13 we define the following
zero Adams filtration elements in Cr(Z,); Zp): for j > 0 we let u; = [J,;] =
pINe?’ aj, Vjp1 = %(pj“‘l)!!cpﬁlbjﬂ and for an admissible sequence I = (eg, e1, m1,

e2,ma,...) we let h! = uflu o us?vy* ... = c(I)p!, where c is as in (30) and

(pj I e’

pm

)Ej +m;

c(I) =
=0

with  mg = 0.

Remark 5.4. In terms of this notation, 4.16 gives the following description for
E1(R): In homological degrees s < 1, F1(R) = {.(R) ® E(ug), whereas for s > 2,
E,(R) is Fp—free on generators represented in C(R) by the elements %wmahl with
I admissible and m > 0 (since du;+1 = pv;+1 we see that Oh! has Adams filtration
1 and is divisible by p in Cr(Z); Z(p)), so that in the notation above the factor %

affects Oh! rather than w™).
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Remark 5.5. WSS-differentials §, are computed by finding optimal representatives
for the classes in F7(R), that is, representatives whose differential d in C(R) in-
creases the weight filtration as much as possible. Although the differential of the
representatives described in 5.4 increases weight filtration by 1, we can usually do
better; for instance when p = 3 the element z = w3dua — ((3)w?[V1]uz — () w[d2]us
is divisible by 3 in C(R) (recall dus = 3v2) and 2z represents the same element
in E1(R) as tw*0ug does (they have weight filtration 9); moreover the formula
d(w3ug) = (3)w?[V1]us + (3)w[d2]uz + [I3]us — w3duy implies d(z) = d([93]us) =
O(ujuz). Since these elements are divisible by 3 in C(R) and this complex has no
torsion, we obtain d(32z) = $d(uiuz), which has weight filtration 12. This means
that %w38u2 survives to an element in F3(R) potentially yielding the §3—differential
2w3duy — $0(uruz). Such a differential might fail to hold if either one of the el-
ements involved dies in a previous stage of the WSS, in which case we should
proceed to find either a lower WSS-differential hitting %w38u2 or a (necessarily
better) representative for this element having a d-differential with a higher weight

filtration.

Notation 5.6. Throughout the rest of the paper unless otherwise specified, I will
stand for an admissible sequence and k(I) will denote the first nonnegative integer
j such that e; = 1, where I = (eg, €1, m1,e2,ma,...). If no confusion arises, k(I)
will simply be denoted by k.

Definition 5.7. Define the elements Djw™h! € C(R) (j = 0,1), by the formulas
d(w™h!) = Dow™h! + Dyw™h! and
Dyw™h! = Y ()" [0;)h
v(1)=0

The next result will produce as in 5.5 a family of differentials in the WSS for R.
Recall from 4.1 that the weight filtration of an element z is denoted by W F'(x).

Lemma 5.8. For v(m) < k(I), the following equation holds in C(R) modulo ele-
ments of weight filtration larger than WF(u,,(m)hI) :

dDow™h! = = (2t )"0 (uy(y )

Proof. By 4.8 the lowest weight filtration summand in the expression for Dyw™h!
is () W em AT = (2 D™ P w4y B s0, modulo weight, fil-

tration larger than W F (u,(m)h'), we have

v(m)

v(m)

ADgw™ ! = —dDyw™h! = —d ()

_pr(m)
= —((,lm )™

uy(m)hl)

8(u,,(m)hl).
O

Remark 5.9. In view of 5.4 both Dyw™h! and w™dh! have Adams filtration 1 and
are divisible by p in C(R) (uniquely divisible since C(R) is Z,)~free). Moreover,
they agree modulo elements of weight filtration larger than W F(0h!) in view of
(12), and so their %fmultiples represent the same element in the WSS for R, which
by 5.8 survives to the term FE,.m (R), potentially producing (up to units) the
6w (my—differential %wmahf — %wm_pu(m)ﬁ(uy(m)hl) (in view of 5.8, the target

of such a differential represents a permanent cycle in the WSS). As in 5.5 this
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differential could still fail in case, for instance, the permanent cycle is killed by an
earlier differential (we will see this is not the case). Note finally that the hypothesis
v(m) < k(I) is not essential in the proof of 5.8; it is only used to make sure u,(;,)h?
is admissible, so that the above differential does land in one of the elements in
E1(R) (see 5.4). We will see later in this section that for v(m) > k(I), the element
Lwmoh! survives to a higher term in the spectral sequence, where it supports
(either as target or as source) another type of differential. A concrete example of
this is given below; it is included in part to motivate Definitions 5.11, 5.12 and 5.14.

Example 5.10. Let p = 3. The remarks above suggest the “differential”
1 5 1
61(§w d(uguy)) = gu}@(uououl)

in the WSS for R; however, ugupu; is not an admissible monomial, in fact (24) and
the methods in the previous section imply that %w@(uououl) produces a trivial
class in E1(R), so that $w?d(uguy) survives to F»(R), and we next indicate how
it produces a éy—differential. Let z = w?d(ugui) — w[¥2]Ous. Since the second
summand of z has weight filtration 5, we see that %z represents in the WSS for R
the same element as %w28(u0u1) does (recall du; = 3v; and dup = 0). Moreover,

from (12) and (32)
d(z) = dw?d(uour)) — d(w[92]0us)
= (Dw[th]d(uour) + [02]0(uour) — [91[92]0ur + (D) w[vh[91]0us
—(Dw[d]uodur — [Pa]uodur — [01]02]0ur + ()w[d1[01)0us
(—[92|1] — [91|92])Our  (recall that [¢1] = uo)
= 3(})7"(0Ws))vr  (note that (}) = (3)

= unit- (Qui)n

= unit- O(ujvy),

so that d(§z) = unit- £9(ujv1). Thus $0(ujvy) represents a permanent cycle in
the WSS (ujv; is admissible), and since W F (ugu1) = 4 and WF (u1v1) = 6, we get
the ds—differential %w28(u0u1) — %8(1;101).

Definition 5.11. For a positive integer m let ¢(m) be defined by the relations 0 <
c¢(m) <pand m= c(m)p”(m) (mod pl/(m)-',-l).

Definition 5.12. For positive integers m and A with v(m) = k, ¢(m) = p — 1 and
0<A<plet

o = (o ) () (505
0 o =g ()

The elements ay, and a,, are units in Z,) in view of 4.8. The following result
shows a,, is well defined. The proof is straightforward, and so is omitted.

Lemma 5.13. Forv(m) =k, cim)=p—1and0<A<r<p
o (5) "= () o
D) (o)) () (555 ) = (e ) () ()
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Definition 5.14.  a) For an admissible sequence I with h! starting in the form
hl = ugtg+qaH (where H is a monomial in u’s and v’s), define the derivative
I’ of I by - uk11vprqH. Note that I’ is again admissible. Define also the
element gIl S OF(Z(p);Z(p)) by the relation (recall 8Uj+1 = pvj+1)

1 ,
(33) ;3(Uk+1uk+dH) = pprunra — g

b) Define the elements Dojuri1 € Cr(Zpy;Z)) (j = 0,1) by the formulas
Vk+1 = Dootr+1 + Do1ur4+1 and
p—1 1 k+1
Doyugy1 = —Z]; ((pjpk )) [9 sy 19 ]-
j=1
¢) Define the elements Djw™[J,]h" € C(R) (j = 0,1) by the formulas

d(w™[9,]h") = Dyw™ 9]k’ + Dijw™ 9]k,
Diw™ ok = > (1) w0 0alh = Y (9) w [95]0a— 10"
v(")=0 v(2)=0

d) For I asin a) and m such that v(m) = k(I) = k and c(m) = p — 1, define the
elements D;w™h! € C(R) (j =0,1) by

B = LS () () pper oo
A=1

+ (=1)7w™ PP (Dogug 1 )T A%,
where h!=2* is the admissible monomial given by h! = uh!=2*.

Lemma 5.15. For m and I as in 5.14 d), the following equation holds in C(R)
modulo elements of weight filtration larger than WF(gI/) :

dDow™h! = wm=(P=Dp" 891,.
Proof. Let o0 = WE(h!=2+), so that WF(g"") = p"*'+0. In what follows, equalities

modulo weight filtration larger than p*+! + ¢ are denoted by the symbol “=". For
0< A <p, 4.8 gives

k k _
(T ) OB ™ Dy =O=P" g, Il =
p

-
m k\—1,m—(A=1)p* m— —1)pk _
= D (I OB )T T ORI [

p=1

A—1 .

m )\ k — )\ k m— — —

=D (T DO )T o)™ AP 93y [0 TR 2%
p=1

Therefore the component of 37"} (273 ’\plf )~ 1D} wm— (-1t [0 5 JHT =2 in
weight filtration rp* + o (2 <r < p) is

m k- m—(A— k m—(r— k —
DTS (G40 (e L GO [N | S
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minus, when r < p,
rpF - rpF m—(r— k —
D (e V)T R W™ T IP [y [9,pr AT,

and any other components lie in weight filtration larger than p**' + . Thus we
get by 5.13 b)

p—1

3 (7 N Dy O DP gt

(34) !

p—1
= Z a)\mwm_(p_l)pk [19(p_)\)pk |19>\pk]h1_Ak.
A=1

Multiplying by ai and taking differentials, we get

1 22 . )
d( a Z(((,\—Wi)pk N( /\pzl ))_1D6wm—(/\—1)p w}\pk]hl—Ak)

1 p] m k. _ m—(A— k _
(o S NOE ) DA 9, )

k+1

p—1
1 e (p—1)p¥ _
~a(X OO 5 sy )

d(wm—(p—l)p’“ (D01uk+1)hI_A’“>
= d(wm_(p_l)pk (Vg1 — Doouk+1)hI_Ak),

so that d(Dow™h!) = d(wm_(p_l)pkkarlhI_Ak) = wm—(-1r"y (vk+1hI_Ak) ,
which by 5.14 a) implies the result. |

Remark 5.16. By 5.4 both Dow™h! and w™0h! have Adams filtration 1 and are
divisible by p in C(R); moreover they agree (up to units) modulo elements of weight
filtration larger than W F(h!) (from its definition, the lowest weight filtration term
in Dow™h! is carried by
1 /. m I-A 1 m I—-A 1 m I

— Dyw™ e b~ = — Dow™ [Ir]h° T 7F = —Dow™h”,

Am Qm am
which, as in 5.9, agrees up to units with w™dh! modulo weight filtration larger than
WF(h!)); thus their %—multiple represent (up to units) the same element in the
WSS for R, which by 5.15 survives to the term E,_1),x (R), potentially producing
up to units the 6, 1y xdifferential Jw™dh! %wm_(”_l)pk dg’". In 5.20 below
we make the arrangements needed to identify the target %wm_(”_l)pk dg!" of this
differential in terms of the basis for E;(R) given in 5.4.

Recall from the remarks after (31) that C(R) is Z,) —free, so that inverting p
produces a monomorphism C(R) — C(R) ® Q of chain complexes.



THE REGULAR COMPLEX IN THE BP(1)-ADAMS SPECTRAL SEQUENCE 2649

Definition 5.17. Let m > 0. For 0 < j < v(m + 1) define c; € Q and elements A;,
Bj; € C(R) ® Q (depending on m too) by

1 m-+1 1 m—+1

and

1 m m -
szzm > wm ).

r>pitl

Note that c; is a unit in Z,) in view of 4.8.

Lemma 5.18. a) d(w™'-1) = ("T")w™ug modulo elements of weight filtra-
tion larger than 1.

b) For 0 < j < v(m + 1), A; lies in C(R) and its differential agrees with

—cj%wm+1_pj+18uj+1 modulo elements of weight filtration larger than pi+!.

Proof. Everything follows by its definitions and 4.8, except for the formula in b),

which is a consequence of the fact that d(A;) = —d(B;) and that the lowest weight

m+1 )) wm+1_pj+1

. . tar 1
filtration term in Bj is —rma— (g Ujp1- |

Remark 5.19. Recall from 5.4 that in homological degrees s < 1, F1(R) is Zg)—
free with basis the elements w™ug (m > 0,6 = 0,1). By 5.18 a) we get up to
units the WSS-differential for R : &;(w™t! - 1) = p*(m D™y, Moreover for
0 <j<vim+1), 518 b) implies that %wm+1_pj+18uj+1 is represented by a
d—boundary in C(R), thus producing a permanent cycle in the spectral sequence.
Since A; and p/w™ug represent up to units the same element in the WSS for R,
5.18 b) also shows that p/w™ug survives to E i _,(R), potentially producing up

J+1

to units the 6 +1 _,-differential plw™ug — %wmﬂ_p Oujir.

Remark 5.20. Before describing in full the WSS for R we need to make some mi-
nor adjustments in the way we detect elements in F;(R) arising in homological
degrees s > 2, that is, of the form %wmﬁhl (see 5.4). Such elements were analyzed
through the auxiliary spectral sequence {Ey,.(R), 6o} together with the basis of
E1/(01 — boundaries) consisting of the admissible monomials ¢!. Since & (and
therefore all differentials 6o,) are independent of the coefficients w™ € £, (R) (see
(15) and the remarks before it), the methods in the previous section work perfectly
well if we use a different basis of F; /(01 — boundaries) for each such coefficient w™.
This is done in order to identify in a natural way the targets of the differentials
suggested by 5.16. In detail, let m > 0. For an admissible monomial h”’ starting as
h? = up10k4q. .. with v(m) > k(J), consider the element g7 as defined in 5.14 a)
(note that such an admissible J is the derivative of a uniquely defined admissible
sequence I) and define the corresponding element ®/ € E; by replacing the u’s
and v’s appearing in the expression for g7 by a’s and ’s respectively, so that g7
represents the c¢(J)-multiple of ®’ in F; (recall from 5.3 that b/ = ¢(J)p”, so that
in the expression “c(J)—multiple” we must take into account that E; is an Fp[z]-
module with z corresponding to multiplication by p). From its definition ®/ —¢” is
a (possibly empty) sum of monomials each of which by (24) is trivial in F; (if d = 1)
or is an admissible monomial starting with a double “a”. Thus replacing each such
¢ by the corresponding ®/ produces a new basis for E;/(0; — boundaries), and as
explained above, this is the basis we use for the coefficient w™ in the analysis of
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the previous section. The result is a new F,, basis for E;(R) in homological degrees
s > 2, which can be described as follows (as usual, I is an admissible sequence):

I. Elements of the form %wmﬁhl with v(m) < k(I).

II. Elements of the form %wmahl with h! starting as h! = upupiq---, v(m) >
k(I) and, in case v(m) = k(I), ¢(m) <p— 1.

III. Elements of the form %wmahf with h! starting as h! = upupsq---, v(m) =
k(I) and ¢(m) =p— 1.

IV. Elements of the form %wmagl with h! starting as h! = upp1vf 4+, e >0

and v(m) > k().
V. Elements of the form %wmauk with v(m) >k > 1.

Here we have used representatives in C(R) to denote the corresponding classes
in F1(R) (compare with 4.17). This is also the case in the next result.

Theorem 5.21. The following are, up to units, all differentials in the WSS for R:
a) Opu(m) <%wm8hl> = Il—jwm_pu(m)8(u,,(m)hl) for %wmﬁhl of type 5.20 L.

v(m)

b

N—

O(p—1)prem %wmahl Z%wm_(p_l)i’

gl for %wmahl of type 5.20 III.

S1(p¢wm™tt. 1) = pe+V(m+1)w’_”uo for e,m > 0.
]+18Uj+1 for 0 <j<wv(m+1).

)

c)

d) piti 1 (PPw™ug) = Swm P

These differentials wipe out all elements in the WSS, except for the multiples of
w® - 1, which produce a copy of Zpy in the cohomology of C(R).

Remark 5.22. In order to analyze differentials in the WSS for R as in 5.5, it will
be convenient to make a summary of the representatives suggested by 5.8, 5.15 and
5.18 for the basis described in 5.20:

i) A representative Jw™dh' of type 5.20 I is replaced by Dow™h'; the corre-
sponding representative %wm_pu(m)ﬁ(uy(m)hf) of type 5.20 II is replaced by
%dDowmhI (see 5.9).

i) A representative %wmahl of type 5.20 III is replaced by %Bowmhl; the cor-

dg’" of type 5.20 IV is replaced by

v(m)

responding representative %wm_(”_l)p
%dﬁowmhf (see 5.16).

iii) Multiples p®w™*! .1 € E;(R) tautologically represent themselves. Multiples
plw™uy € E1(R) are represented (up to units) by d(p/=*(m+Dym+l . 1) if
Jj > wv(im+1)and by A; if 0 < j < v(m+ 1), and in the last case the
representative %wm“‘leauJ-H of type 5.20 V is replaced by d(A;) (see
5.19).

Proof of 5.21. We have already seen that the use of the representatives in 5.22 sug-
gests such differentials. Note that a) sets a 1-1 correspondence between elements of
type 5.20 I and elements of type 5.20 II; likewise, b) sets a 1-1 correspondence be-
tween elements of type 5.20 III and elements of type 5.20 IV. Moreover every element
on the right of d) is of type 5.20 V, and by rewriting %wmﬁuk = %wm/ﬂ—zf“auﬁl
with j = k — 1 and m’ = m + p* — 1 we see that every element of type 5.20 V
appears as an element on the right of d). Similarly the (zero Adams filtration Z,)-
multiples of the) elements involved in ¢) and on the left of d) take into account



THE REGULAR COMPLEX IN THE BP(1)-ADAMS SPECTRAL SEQUENCE 2651

once and only once every element in Fq(R) of homological degree s < 1 (except for
the Z,) multiples of w?-1). Therefore there is no room for the anomalous behavior
described at the end of 5.5 for any more differentials. O

6. THE WEIGHT SPECTRAL SEQUENCE FOR S

In this section we obtain a description of the cohomology of C(S{") (where
S = (89 from our detailed understanding of the WSS for R, As remarked
at the beginning of section 5, the map S° — R in (28) induces Adams—filtration
preserving inclusions . ((£ A S)(0) < 7, ((£ A R)(0) which can be pictured in
the following charts:

2 vee coe coe

__G_ ee
__G__
__G__
__G__
__G__
G--0--
G--0--

As in 3.2, Adams projections induce inclusions
o ((CA SO (€A 8O

and
T (0 A REFYOY s 7 (0 A RO,

which in turn produce inclusions of chain complexes

C(ROHD) e C(RD) Cr(ma((¢ A RIF)O); 7)) o= Cr(m((€ A RD)O); Zp)

y J y y

C(SHD) & ¢(SW)  Cr(me((¢ASTD) ) Z)) & Cr(ma(EASD) ), Zy)

and since 7, (£ A S)(O) — 7 (A R®)() has zero Adams filtration we see from
3.10 that

(35) C(S) = C(RD) N Cr(ma ((C A SO, 2 ).

By the coefficient of a monomial in Cp(m.((¢ A X)(9);Z,)) we mean the
7. (£ A X)) portion appearing on the right hand side of the second isomorphism
in (15). Thus determining whether or not an element in Cr (. ((¢ A R)(9); Z,)
belongs to Cr (7. (LA S)(0); Zypy) reduces to a question about coefficients, which,
in view of the charts, is settled by

(36) prw™ € m (A S O) if and only if a+i>m
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and in particular we see from (31) that C(S‘?) is Z,)~free on generators p®w™ [Jz]
where ag = max{0,m — i — v(n!)}. Observe that the equation 7.((£ A 7)) =
(€ A ROYO) N2, (S%) implies the following refinement of (35):

(37) C(S) =C(R™) N Cr(£.(S°); Zpy).-

On the other hand, the inclusion C(S*) — C(R!)) induces a map of spectral
sequences {E,.(S)} — {E,(R))}, which is injective for r = 1 in view of 4.16. As
with R{, we change the given basis in E1(S{") to obtain the following description
of these groups:

Description 6.1. In homological degrees s < 1, E; (S’@) is Zp)—free on generators
prax{0m=ilymys (¢ = 0,1), whereas for s > 2 it is F,~free on generators repre-
sented by the elements of types I through V in 5.20 (replacing w™ by w}™ in view
of 5.2) lying in C(S{"), or equivalently whose coefficient lies in 7, ((£ A S¢){O). Tn
view of (36) and 5.3, a typical element %w;”ahl (or %w;”@gl ) represents a class in
E1(S) if and only if

(38) v(I)+i—1>m

where v(I) stands for v(c(I)).

Remark 6.2. We just observed the equivalence between %wz’-”ahl € C(S™) and
%C(I)wz’-” € m((6 A S@) ) In fact, since every summand in the expression (12)
for d(%wz’-”hl ) comes either from the 1® 0 portion of d, which is independent of the
coefficient %C(I Jw!™, or from the action of the powers of ¢ on this coefficient, it fol-
lows that each such summand lies in Cp(m, (¢AS)(©)); Z,)), provided %C(I)wgn €
7 (LA S)(0), In particular, %Djwzmhl € Cr(ma((L N S<i>)<0>);Z(p)) (j=0,1) as
long as Lw*dh! € C(S1). Likewise if cw*[9,]h! lies in Cr(m. (€ A SW) ) Z))
for some ¢ € Z,), then so does cDjwi[9,]h" (j = 0,1).

Lemma 6.3. Let £ = %wz’-”ahl, ¢ = %w’-n_py(M)

; I(uy(myh!) and assume & is an
element of type 5.20 1.
a) If € represents a class in E1(S{") then so does ¢; moreover %Dowlmhl lies in
C(S™).
b) If ¢ represents a class in Fy(S) then both %dDomehI and Dyw™h! lie in
C(S), and if in addition i > 1 then %Dlwzmhl lies in C(SY~1).
Proof. The first part in a) follows directly from (38); moreover under the hypothesis
in a), 6.2 gives %Dowz’-”hl € Cr(m((¢ A SO 0): 7)), but from its definition
%Dow;”hl € C(R%™), so that the second part in a) follows from (35). As for
b), given 0 < r < m with V(T) = 0, 4.8 implies r > p”(m), so that m —r <
m —p’™ < p(p™™) 4 u(I) +i—1<v(!) +v(I)+i—1 (the second inequality
being the hypothesis in b)), and it follows from (38) that %(( w9, ]! lies in
Cr(m. (¢ A S 0): Z,)). Adding over all such r’s we obtain

(39) %Dlw?hl € Or(me((EA SO Zy).

Thus (35) and (39) give Dyw™h! € C(S) (Dyw!"h! € C(R™) by 5.7). On
the other hand, from a) we have I%dDow;”hI € C(R™), and since I%dDow;”hI =
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—%lew;”hI, which by (39) lies in Cr(m.((¢ A S)9);Z,)), we obtain from
(35) %dDowZ’-”hI € C(S%). Finally the last assertion follows from the fact that
%Dlw;”hl = Dyw™ | h! € C(RU™V), together with (37) and (39). O

Lemma 6.4. Let £ = %wi”@hl, (= %w;n_(p_l)pk dg”" and assume € is an element
of type 5.20 111 (so that v(m) = k(I) = k).
a) If € represents a class in E1(S") then so does ¢; moreover £Dow
C(S™),
b) If ¢ represents a class in E1(S{") then both %dﬁowz’-”hl and Dyw™h! lie in
C(S™), and if in addition i > 1 then %Blwz’-”hl lies in C(SS—1).

mhI

%

lies in

Proof. From its definition

(40) v(I') —v(I) = (") — v —1=pF —1>0,

so that the first part in a) follows from (38). On the other hand, the hypothesis
k

in a) implies that the summand %wzn_(p U (Dogugs1)hI =2 in the definition of

%Bow;”hl lies in C(S{") and that

1 o _ ;

—w O g BB € Cr(m, (€A S9)9); Zy)

K3

p

for A=1,...,p—1 (in the first case the factor % affects Dogugy1, which has Adams
filtration 1 and is divisible by p in Cr(Z); Z(y)), and in the second case, 1% affects
h!=A% which, although of Adams filtration zero, is divisible by p in Cr (Zpys Lpy) )

S0) %Déwzn_()‘_l)pk [0 ]I =25 lies in Cp(m (€ A SD)O)); Z,)) by 6.2, in C(R™)
by definition of D}, and therefore in C(S‘?) by (35). Thus %Eowz’-”hl € C(SY)
from its definition. The proof of b) is similar to that in 6.3, but this time we
need to take into account the cancellations in (34). Since dDy = —dD;, we have

to show that both %dﬁlwz’-”hl and Dyw!h! lie in C(S)). Let Dyw™h! = A —
B, where B = w:-n_(p_l)pk(Dooukﬂ)hI_Ak, and for A = 1,...,p—1let My =

w;n_()‘_l)pk [0 5pr]AT =A%, s0 that

A= =30y )R D)D) My

In view of (40) the hypothesis in b) is —2 44 + v(I) + p* > m — (p — 1)p”, which
readily implies

1B, w0 gy n %w?l_(p_l)pkvkﬂahf‘“ e C(s),
() _
and %w;n_(p_l)pkvkﬂhl_Ak e (st if i>1
(the factor 1% affects Dooug1 in the first case, Oh!~2* in the third and wz_n—(p—l)p" _

m—(ZD—l)Pk : he f 3 1
pw,_4 in the fourth). In particular, we only need to show that A, pdA €

C(S) as well as £ A € ¢(SU~1) for i > 1. From (34) the lowest weight filtration
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component of A is given by

= 3 L T [0 [ A

m—(p—l)p’“( JREYNE

Doiug+1)

= w;n (P 1) (Doouk+1 —’U;.H_l)hl

=B — Vg1 hI 72,

3

—Ap

which lies in C(S®), and its Z-multiple lies in C(S“~) in view of (41). Since
this component has weight filtration W EF(h!=2%) 4 p**1 we get, modulo weight
filtration larger than this value,

1 1 m—(p—1)p* -

Lia = —d(B—wi 00 g 1T
= LaB - Lu] T g0y hI )
= —dB—— ~(p=1)p" Ui ORI AR

(recall that vg4q = l@ukH is a 8—cycle of homology degree 2), where the last ele-

ment in the equalities above lies in C(S¢?) in view of (41). To complete the proof we
have to show that the components in weight filtration larger than W EF(hI=4%) 4+
pF*t of both A and SdA lie in C(S%) and that the S-multiple of such compo-

nents in A lie in C(S¥~1). In view of (37) it suffices to prove that the corre-
sponding components of I—I)D’lMA and %dDiMA lie in Cp(€.(S°); Zy) (indeed, by
their definitions D} My, 2dD{My = —1dDyMy € C(R™), and since w} = pw},,
LD{ M, € C(RU1)).

The summands of weight filtration larger than WEF(h!=2#%) + p*+1 in the def-

k

inition of D} M) are, up to units, of the form w;n_(k_l)p Ty [0 AT A% with
> (p = M)p”, and their J-multiples lie in Cr(£.(5%); Z,)) since

—L4i+v(r) +v((Ap")) + vl — Ay) >
> —l+itv(((p =" +v(Op)) + (1) = v(p™)

= —l+itv)+ - 1rp")
= —24+i4+v(I)+p
> m—(p—1)p" (by the hypothesis in b))

= m—A=1p" —(p—\p*
> m—M\-1)pF—r

On the other hand a summand S of D} M) is, up to units, of the form

i) w:-n_(’\_l)pk_T[19T|19>\pk]h1_Ak with v (m_(’\r_l)pk) =0, or
ii) @OV

[ﬁ(A_#)pkwupk]hI_A" with 0 < p < A,
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and we have to check that all summands in the definition of %dS of weight filtration
larger than W F(h!=2%) + pF*1 lie in Cp(£,(S°); Z,)). This is verified by a direct
calculation as above. In fact, since the power of p provided by [¢,] to the coefficient
in 7, (£ A RSOV agrees with the corresponding power provided by (7)[¥n—s|9s],
we see that the above calculation works in all cases except for when S is of type i)
above and the summand of 1—1)d8 to be considered is of the form

1 ((m—()\—l)pk—r))w;’ﬂ—o\—l):ﬂk —r=s [195|19r |19)\pk]hl_Ak .

P S

(42)

We complete the proof by giving full details for this situation. If r > (p — \)pF,
the previous calculation certainly does work. So we assume r < (p — A\)p*. Since
v (m_(’\r_l)pk> =0, 4.8 forces r = pup* with 0 < yu < p—\. Moreover, our restriction

on the weight filtration means r + s > (p — A\)p* or s > (p — A — p)p*, thus
-1+ l/(m_(k_l)pk_r) +i4v(s!) + v(r!) + (")) + v(I — Ay)

> —1+2+V(s')+l/(r')+u(()\pk) )+ v(I — Ag)
> —l+itv(((p—A—pp ))+V«ukﬂ v(™)) +v(I) = v(p*)
= i)+ < Dy
= —2+i+u(I)+pF
> — (p—1)p* (by the hypothesis in b))
= m—(A—l)p —(p=ApF>m—(A=1p*—r—s,
which exhibits (42) as an element in Cr(£,(S°); Zpy). 0

Definition 6.5. Let e,, = max{0,m — i} and e/, = max{0,m + 1 — i}, so that
el = em + Nm, where 0, = 0 if m+ 1 < and 7, = 1 otherwise. By 6.1, El(Sm)
is Zp—free in homological degrees s < 1, with basis as follows: for s = 0 the
elements p mwm+1 (m > —1) and for s = 1 the elements p®mw™uy (m > 0). We
will omit the 1ndex m in e, e, and 7, if no confusion arises.

Lemma 6.6. a) For j > max{e, V(m + 1)}, d(pr DY) lies in C(S)
and agrees, up to units, with p’w™ ug modulo weight filtration larger than 1.
b) Fore < j<wv(m+1), both me p aujﬂ and Aj (as defined in 5.17 and

replacing w® by wi in view of 5.2) lie in C(SV).

Proof. Tn a) it is clear that p/=*("+Dy™ ! lies in C(R™), and therefore so does
its differential, which by 5.18 a) agrees, up to units and modulo weight filtra-
tion larger than 1, with p/w™ug. Moreover the summands in the expression for
d(pI=v Dt are of the form p/ =M+ (M)W T [9,] for 1 <7 < m+ 1.
Such a summand lies in Cp(m, ((€ A S)():Z ) if and only if j — v(m + 1) +
v (m+1) +i4+v(r!) > m+1—r, which, in view of the hypothesis j > m — ¢, holds
provided

(43) —v(im+ 1) +v(™) @) +r > 1.

If r > v(m + 1), (43) certainly holds; otherwise from 4.8 we obtain V(m;H) =
v(m + 1) — v(r) and again (43) is clear. Thus a) follows from (35). For b) it
suffices to prove A; € C(S%") in view of 5.18 b). However the summands in the
expression for A; appear as summands of d(p? ~*(m*+ V" 1) which as above lie in
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Cr(me (€A S9)0); Z,)). On the other hand, A; lies in C(R") in view of 5.18 b)
so that the result follows from (35). |

The next lemma is a straightforward consequence of 4.8.
Lemma 6.7. For 1 <t <p'tt v((p" — 1)) +v(t) > v((p'*t - 1)).
Lemma 6.8. Let 0 < j <v(m+1). Then

a) if %wrﬂ_pﬂlauﬂl represent a class in E1(S) then d(A;) € C(S™).
Assume in addition that j > 1; then

b) d(A;) — pd(A;-1) = WCZ( 3 ((mil))wlnﬂ_r[ﬁr]) , and
pI <r<pit?
¢) (A1), d(4)) and o= (T )WY, (P < v o< pIPY) lie in

T

C (S provided %w;nﬂ_pj du; represents a class in By (S™).

Proof. By 5.18 b), the hypothesis in a) means that the lowest weight filtration com-
ponent in d(A;) (in the filtration p’*!) does belong to C(S‘"). Higher components
are considered through each summand of d(A4;):

1 ,
(44) ]md<((mil))w?”l‘r[w]), L<r<pth

The summands of (44) in weight filtration larger than p?*! are of the form

e T g,

with 1 <t <m+1—rand t+r > p/t!. Such elements lie in the cobar complex
Cr(me (€A SO 0): 7)), since

J=vm+ 1) +v(") (") i+ () + v(r)

> j—vim+ 1) +v("T) +i+ vt + ()
j—v(r) +i+vt) +uv(r!) (by 4.8, since r < p'T1h)
jHi+v) +v((r—-1")

> jHitvt)+ (Tt =) (since t +r > pth)

> jHi+v(@T -1 (by 6.7)

= i+t -1

> m+1—p' ™ (by the hypothesis in a))

> m+1—t—r

(if t > p?*! we skip the fifth term in these inequalities). Thus components in weight
filtration larger than p/*1 in d(4;) lie in Cp(m ((¢ A S0)(0)); Z,). Since they lie
in C(R™) (by 5.18 b)), they must also lie in C(S¢)) in view of (35). This gives a).
Part b) is an easy consequence of the formula

d(A;) = —d(By) = —————da[ 3 (),

Vm+1)—j
b r>pitl

Finally for p/ < r < pi*1, 4.8 gives v(™") = v(m + 1) — v(r), which together

T

with —1 4+ + v(p’!) > m + 1 — p’ (the hypothesis in c)) implies j — v(m + 1) +
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v +i+v) = +i+v((r—-D)) >i+v@p!)>m+1—-pP >m+1-—r.
Therefore W((mﬂ))wlm“_r[ﬁr] lies in Cp(m, (¢ A S)());Z,), and since

v(™EY) > v(m + 1) — j, it also lies in C(R'). Thus c) follows from (35) and part
a). O

We are now in position to give a full description of the WSS for S . Recall
from the remarks before 6.1 that E;(S(?) C E;(R®™).

Theorem 6.9. Let y be an element in E1(S7).

a) Suppose a differential y — z holds in E,.(R‘)) (as described in 5.21). Then
z € E1(S)) and the same differential holds in E,(S™).

b) Suppose a differential  — y holds in E.(R™). Then vy is a permanent cycle
in E,.(S¢).

Proof. Pick representatives as in 5.22 for classes starting in £1(S®). Lemmas 6.3,
6.4, 6.6 and 6.8 a) show that the analysis in 5.9, 5.16 and 5.19 of the differentials in
5.21 applies also for elements in E,.(S(), because the chosen representatives do lie
in C(S"). On the other hand Lemmas 6.3 b), 6.4 b), 6.6 a) and 6.8 a) show that
any class in F;(S") that is the target of a differential in E,(R{") is represented
by a d—cycle in C(S <i>) and therefore survives as a permanent cycle (perhaps as a
6,—boundary) in the WSS for S, Since this takes each class in F;(S‘) (except
for the Z,) in weight filtration degree zero) into account once and only once, we get
as in the proof of 5.21 that there is no room for the anomalous behavior described
in 5.5 for any more differentials. |

Ezample 6.10. The following may help to understand the differentials in E,.(.S <i>) in
low homological degrees. We use the notation introduced in 6.5. The 6; differentials
p¢ Wt o e trmAymyy — primtDtnpemyg vield B3%(S4) = 0 for (o, t) #
(0,0) and EHLmADa(§G)) = 7,/p¥(m+D+0 with generator represented by p®w! ug.
The classes with representatives p/w!™ug for e < j < v(m + 1) produce higher
differentials of type 5.21 d), whereas those with max{e,v(m+1)} < j < e’+v(m+1)
produce nontrivial permanent cycles, so that Eégl’(m“)q(s <i>) is a cyclic group of
order p¢/+v(m+1)-max{es(m+U} (ETLH(SW) — 0 if ¢ £ 1 or if £ £ 0 (mod g)).
On the other hand, the only classes of type 5.20 V that survive to a nontrivial
element in F,,(S(") are those of the form %wrﬂ_pﬁlauﬁl € C(8) with 0 <
j <min{r(m+1),e} (if j > e such a class is killed by a differential of type 5.21 d)
as above).

In the next result, the cohomology of C(S{?) is denoted by H*(i).

Corollary 6.11.  a) In homological degrees s < 2 the only possibly nontrivial
cohomology groups of C(S") are given by
o H070 (Z) = Z(p),
o HL(mHDa(3) =7, /pemt1 for m > i, and
o H2mtDa(4) = 7,/pmax{0em=pm+1}t - for m > max{i+ 1,p — 1},
where a, = min{m —i,v(m+1)} and p, is the integral part of the logarithm
in base p of (p — 1)(m + 2 —1i).
b) In homological degrees s > 3 the cohomology groups of C(S™) are Fp,-free on
generators represented by cycles of the form
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. %dDowZ’-”hI with k! and m as in 520 1 and —1+i+v(I) <m < —1+
i+ v(I) +v(p" )

. %dﬁowz’-”hl with k! and m as in 5.20 I and -1+ i+ v(I) < m <
—2+i+v(I) +prim+t,

Proof. The examples in 6.10 give the result for s < 1 (for dimensional reasons
there are no nontrivial extensions in H'(i) other than those already happening
in Eo(S™)). For s = 2 we have from 6.10 that the only elements in FE;(S%)
surviving to nontrivial classes in Fo, (S <i>) are those represented by elements of the
form %w;”*l‘p”laujﬂ satisfying

) 0<j<vim+1),

i) j < e=max{0,m — i}, and

iit) 2w Gu € (S0,
From i) and ii) we see that such classes exist only for m >max{i 4+ 1,p — 1}, in
which case i) and ii) combine into the single condition 0 < j < @,,. On the other
hand, iii) means —1 + i + v(p?*!!) > m + 1 — p*1, which is easily seen to be
equivalent to p’*2 > (p — 1)(m + 2 — i). Taking log,, this is j > u,, — 1. Thus in
total degree (m + 1)q and homological degree 2, E.(S%)) consists of @y, — fim + 1
copies of F,, all of which produce nontrivial extensions in H*(+1)4(4) in view of
5.22 (iii) and 6.8. This gives a). As for b), using the notation of 6.9 we see that the
only surviving classes in Foo (S <Z'>) in homological degrees s > 3 come from classes
y € E1(S) involved in a differential of the form x — y in the WSS for R and
for which = ¢ F;(S"). Such classes y are represented by elements of types 5.20 IT
and IV or, in view of 5.22, by the cycles described in the statement of this corollary,
where the upper bound given for m means y € F;(S{?) whereas the lower bound
means x ¢ F;(S™). Finally, for s > 3 there are no nontrivial extensions in H? (i)
in view of the first assertions in 6.3 b) and 6.4 b). O

Remark 6.12. The bidegree (s, t) of each element in 6.11 b) is explicitly determined
as follows: Let s(I) and o(I) denote the homological and weight filtration degrees
of the admissible monomial h!. Thus

s(I) = Z(ej +2m;)

j=>0
and

o(I) = (ej +my)p,

J=20

where I = (eq,e1,m1,e2,ma,...) (mo = 0). Since the operators d, Dy and Dy
preserve total degree and increase the homological degree by one, we see that an
element %dDow;”hI or %dﬁow?hl in 6.11 b) has total degree t = ¢(m + o(I)) and
homological degree s = s(I) + 2.

Corollary 6.13. H**(i) =0 ifs>3 andt—s < (p> —p—1)s+q(i —p+2).
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Proof. Let s and t be the homological and total degrees, respectively, of an element
Il—diowl’-”hI or Il—diowl’-”hI in 6.11 b). From 6.12 and the lower bound for m in 6.11

b) we must have
(45) t—s>q(i+v(I)+o(l)—s) -2,

so that 5.3 gives

D) +oD) = q(2<ej+mj>u<pﬂ'!>—zmj+Z<ej+mj>pﬂ‘)

j=0 j=>0 j=>0
= q(Z (P ) + > mi(w(p ) — 1))
j=>0 j>1
= Y2, -1+ > 2m(p T - p).
j=>0 j>1

In the case of an element %dDowzmhI, we know from 5.20 I that v(m) < k(I), and
in particular the first summation in the last equality runs over j > 1. In the case
of an element %dﬁowzmhf, we have from 5.20 III that h! starts as uptpqq---, S0
that the summation above starts as 2(p*+! — 1) + 2(p*+4+! — 1), which is bounded
below by 2(p — 1) + 2(p? — 1). In any case we get

> 26, = 1)+ 2m (7t —p) > (0 —p) D (ej +2my) + V,

§>0 i>1 j=0
where V =2(p — 1) +2(p? — 1) — 2(p*> — p) = 4(p — 1), and (45) becomes

t—s > qi+(p*—p)s(I)+V —s(I)—2
= (P-p-1)(s—2)+qi+V-2=(p"—p—1)s+ D,

where D =qi +V —2—-2(p> —p—1) =q(i —p+2). O

The corollary implies that in a chart with (¢ — s,s) coordinates, the groups
H*!(i) lie on the right of the line with slope (p?> —p — 1)~! and s-intersection at
q(p—i—2)(p?> —p—1)~! (which is about 2 for i = 0). By 6.12 every single element
of H*(i) can be explicitly located in such a chart. As a way of example we sketch
below the corresponding chart for p = 3,9 =0 and ¢t — s < 110. The square at the
origen represents a copy of Z,), a number n represents a cyclic group Z/p" and
a e (resp. o) represents a copy of F, coming from an element %dDowgnhI (resp.

%dﬁowz’-”hl ), in which case we indicate the corresponding admissible monomial h’

giving rise to the element (the exponent m is determined by 6.11 b), except for
the classes with (¢t — s,s) = (49,3) and (57,3), which have m = 4 and m = 6
respectively).
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By 3.5 there is a short exact sequence of complexes
(46) 0— V(8% — Ei(S%0) - C(S%) —0

which produces a long exact sequence involving Eo(S%; £)—the second term in the
¢~Adams spectral sequence for S°. It is shown in [15] that the vanishing line given
by 6.13 can be extended to a similar one in E5(S°,¢). The homotopical applications
described in the introduction of the paper are based on a combination of such a
vanishing line and the results in the next and final section.

7. LIFTINGS THROUGH /—RESOLUTIONS

Recall from the beginning of section 6 that the Adams projections S¢+1) — §¢)
produce monomorphisms of complexes C(S¢*+1) — C(S(?). The induced morphism
in cohomology will be denoted by A : H*(i + 1) — H*(i) (as in 6.11, H*(j) is
shorthand for H*(C(S%))).

Lemma 7.1. A: H*(i) — H*(i — 1) is trivial if s > 3 and i > 1.

Proof. Representatives in C(S(") for the nontrivial classes in H*(i) are of the form

%dDowZ’-”hI = —%lew;”hI and %dﬁowz’-”hl = —%dﬁlw;"hl for suitably chosen m
and I (6.11 b)). These elements map into boundaries in C(S¢~1) in view of the
last assertions in 6.3 b) and 6.4 b). |

Lemma 7.2. In homological degree s = 2 and total degree t = (m + 1)q, the
v(m + 1)—fold composite

Au(m—i-l) . HSt(Z) i} HSt(i _ 1) i, . i) HSt(i — y(m + 1))

is trivial.
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Proof. Representatives in C(S{*) for the nontrivial classes in H*(k) (s and ¢ as
me1—pit!

in the lemma) are given by the elements e; = %wl

Oujqq for pr, — 1 <
j < min{m — i, v(m + 1)} = a,,, which produce a cyclic group of order p@m—Hm+1
(see 6.11 a) and its proof). The result follows since the Adams projection sends
an element e; € C(S*) into the p-multiple of e; € C(S*~1), which produces in
H*(k — 1) the same homology class as e;41 does. (]

Definition 7.3. The spectrum J is the fiber of the map ¢ : £ — 39¢ described in
2.4.

Since 7. (¢) = 0 for * Z 0 (mod q), the cofibration J — ¢ %, 297 induces short
exact sequences

(47) 0— 71—(m+l)q(£) 2, 71—(m+l)q(Eq£) — 71—(m+l)q—1(J) —0 (m=>0),

and by (3) the group on the right is cyclic of order v(m + 1) + 1. On the other
hand, by 3.6, the first component of the differential

(4s)  ComDa(SY) — ¢l () = Py, (S0

n>0

is given by the map ¢ in (47). Thus the composition of the projection C1- (m+1)4(50)
— T(m+1)q(3%€) and the map 7 in (47) induce a well defined map A : H' (m+1)e(0)
— J(m+1)q_1(80). Note from 6.11 that these two groups are isomorphic and in fact
A is an isomorphism, since according to 6.10, the representative for the generator
in @Y (m+14(0) is p™w™ug, which in terms of the sum in (48) corresponds to the
generator in the first summand 7(,,41)4(374).

The topological consequences of the calculations in this paper depend on the
next result, which is proven for the 2-primary situation in [11]. The proof goes
without changes for odd primes. Recall that the Adams filtration of a homotopy
class « is denoted by AF(«).

Lemma 7.4. Suppose X oy 2 Zisa cofibration of spectra and Z is a wedge
of suspensions of HF, and %) Then for any class a € m,(Y') mapping trivially
under g, there is a class 8 € m,(X) such that f.(8) = « and AF(8) > AF(«) — 1.

For dimensional reasons the unit S° —— ¢ maps trivially under ¢, defining a

unique class S° I, J such that i = Koj, where J 5 ¢ 2, %247 is the cofibration in
7.3.

f f: f:
Theorem 7.5. Let S° — S = Sa PRAN be the standard {—resolution of S°

(82) and suppose given a homotopy class as € 7,(Ss).

a) If s =0 and n > 0, then there is a homotopy class oy € m,(S1) such that
filan) = ag and AF(aq) > AF(ag) — 1.

b) Ifs=1, AF(a1) > 1 and ay maps trivially under the composite Sy EERYSUER
J, then there is a homotopy class ag € m,(S2) such that f1o fa(az) = fi(aq)
and AF(ag) > AF(aq) — 1.

c) If s =2 and AF(ag) > €2, then there is a homotopy class as € 7,(S3) such
that fao f3(ag) = fo(as) and AF(a3) > AF(ag) —e2. Hereea = 1+ v(n+2)
if n+2=0 (mod q), and €5 = 1 otherwise.
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d) If s > 3 and AF(as) > €, then there is a homotopy class a1 € Tp(Sst1)
such that fso for1(ast1) = fs(as), and AF(asy1) > AF(as) — es. Here
es=21ifn+s=0 (mod q), and 5 = 1 otherwise.

Proof. Since the positive dimensional homotopy groups of S° are finite, oy maps

trivially under 7, (S°) N 7 (€), and so part a) follows immediately from 7.4. For
b) consider the following diagram with cofiber rows:

i fi 1
w2 5 50 ¢
l 1A Sy
(NS,

I

|

|
I #

S s —— ]

Here 7 is the wedge projection given by 2.3 (£S; = £); moreover, the square on
the left commutes in view of 2.10. Thus the dashed line agrees with j : S© — J.
From (1) and (2), a; maps into a d,—cycle z € E}" (8% ¢) = m,, (£ A S}) in the
first term of the /—Adams spectral sequence. The current hypothesis together with
the observations after 7.3 show that z maps in turn into a boundary in C(S°) (see
(46)). Therefore there is class e € E}"7!(59;¢) carried by splitting F,, Eilenberg-

Mac Lane spectra, and a class w € E;"" (8% ¢) = 7,1 (¢) such that
(49) diw=z—e.

As indicated in the diagram just before (35), every positive dimensional homotopy
class in 7. (¢) must have positive classical Adams filtration. Thus AF(dyw) >
AF(w) > 0, and since AF(z) > AF(a1) > 0 it follows that e = 0. Recall from (2)

- inS
that the differential d; in E1(S°;£) is induced by the composite ©~1¢ 25 §; it

N Sy. Letting of = ay — pr(w), (49) gives (i A S1)(a)) = z — dyw = e = 0. Thus
o lifts through fo, and since f1(a}) = fi(a) — fi(pr(w)) = fi(a), part b) follows
from 7.4 once we verify that AF (o)) > AF(aq). If n+1# 0 (mod g), w lies in a
trivial group and we are done. Assume then n + 1 = rq. From 2.3, the ™ wedge
summand in £ A Sy is 27 10") and from 3.6 the corresponding component of
diw is ¢, (w). Therefore ¢,.(w) = p,(diw) = p,(2), where p,. : {AS] — nra—1p{v(rh)
is the wedge projection, and in particular

(50) AF (60 (w) = AF(p,(2)) > AF(2) > AF(ay).

From (3) we see that ¢"(v") = (" —1)---(k — 1) - 1, and since AF(v") = r
and v(k/ — 1) = v(j) + 1, we get that ¢" increases the Adams filtration by v(r!)
in 74(¢). Thus 2.6 implies that ¢, preserves filtration in m,,(¢), and by (50)
AF(w) = AF(¢rw) > AF(ay), which implies the required inequality AF(af) >
AF(aq), completing the proof of part b).

To analyze the f—obstructions for liftings in the case s > 2, we use lemmas
7.1 and 7.2. Let ay € m,(Ss) with AF(as) > 5. As above, the element z =
(i A Ss)(as) € ma(€ A Ss) = E™%(8%;¢), having positive Adams filtration, lies in
the F,, Eilenberg-Mac Lane-free portion of this group, that is, in 7, ((¢ A S5)(?) =
Csns(SY). If n+s # 0 (mod q), such a group is trivial in view of (6) and (7), and
in this case c¢) and d) follow directly from 7.4. For n+ s = 0 (mod ¢) we note that
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Comts(S@) = gL, ((MZSAS@)@)

(0)
- < \/ mmaglm) A5<a>>

neER;

(a)
= Tots <\/ Ed(ﬂ)qg@(ﬁ!)))

nER
= ((é A SS)<“>)

in view of 3.4 and 2.3 (in that order). Thus in fact z € C(S‘¥), where a =
AF(ay) > e, Forb=a—¢e,+1, 7.1 and 7.2 imply that, as an element in C(S*),
z produces a trivial homology class; and, as in the case for s = 1, this gives a
class w € E;~1"T5(S%):¢) such that z — dyw maps trivially into C*"F5(S®).
As remarked in 2.1, these constructions are not functorial; however choices can be
made so to have the following commutative diagram of complexes (see (46)), where
vertical maps are “induced” by the Adams projection S — §0

0 —— V(S®)

Ei (S0 —  c(s?®) — 0

0 —— V(89

Bi(S%0) ———— (8" — 0

It follows that w and z, as elements in E1(S%; /), satisfy the relation z = dyw (as
elements in F;(S%¢), w and z have Adams filtration at least b). We can now
proceed as for the case s = 1. In terms of the Adams resolution

Ss+1
fst1 l
S, . OAS,
ol T
Ss—1 LN Ss1
iNS._1

the differential d; is given by the composite (i A Ss)ons (compare with (2)), so
that the element o, = a5 — ns(w) maps trivially under ¢ A S5 and has AF (o)) >
min{AF (as), AF(ns(w))} > b =a —es+ 1. The final conclusion follows from an
application of 7.4 to the cofibration on top of the above diagram. O

Theorem 7.5 is the odd primary version of [11, Theorem 5.1]. We note however
that the control on the Adams filtration for the lifting in b) is optimal.
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